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Abstract
The design of a magnetic field source that can switch from a high field to a low field configuration by rotation by
90◦ of a set of iron pieces is investigated using topology optimization. A Halbach cylinder is considered as the
magnetic field source and iron inserts are placed in the air gap of the Halbach cylinder. The ideal shape of these
iron inserts is determined as function of the field generated by the Halbach cylinder and as function of the size of
the iron segments. The topology optimized structures are parabolic shaped pieces and have a difference in flux
density between the high and low positions that is on average 1.29 times higher than optimized regular pole
pieces. The maximum increase is a factor of 2.08 times higher than the regular pole pieces.
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1. Introduction
A permanent magnetic field source that can easily be switched
“on and off” would be of significant interest for e.g. nuclear
magnetic resonance (NMR) apparatus [1] and magnetic re-
frigeration devices [2]. Such variable permanent flux sources
have previously been investigated [3; 4; 5] and several designs
have been proposed that can alternate between a high and low
field [6; 7; 8]. However, these designs all involve moving per-
manent magnets or contain a large number of complex-shaped
permanent magnets that are not easily realizable.
Here we wish to investigate if a standard permanent mag-
netic field source such as a Halbach cylinder can be turned
into a variable field source, that can be switched from a high
to a low field, by modifying the structure with inserts of iron.
The magnetic field is created in a circular bore and the inserts
are placed in this bore, and are rotated to change the field.
This can in some regard already be done using pole pieces
that are rotated depending on the field desired. In order to
investigate if a more efficient design of inserts exist, topology
optimization is here employed.
Topology optimization is traditionally used for structural
mechanics [9], but have also recently been used to design per-
manent magnet systems. Specifically, topology optimization
has been used to determine the optimal direction of the magne-
tization [10; 11], for designing C-core actuators [11; 12] and
to optimize permanent magnet structures in general [13; 14].
Finally, topology optimization has also been used extensively
in optimization of electrical motors [10; 15; 16; 17] and pole
pieces for MRI systems [18; 19].
Here we will consider a problem where the optimal shape
of iron inserts must be determined, in order to provide the
greatest difference in field when the iron inserts are rotated.
The structure of permanent magnets are considered fixed, in
the form of a Halbach cylinder. The present work constitutes
the first topology optimization study that considers an objec-
tive which must necessarily be formulated in terms of the field
distribution corresponding to two different states. The geome-
try to be topology optimized is compared with a regular pole
piece geometry consisting of two arc-shaped iron segments.
For this geometry the angular span of the iron segments are
varied until the largest difference in average field is produced.
The geometry of this system and of the system to be topology
optimized is shown in Fig. 1.
2. Method and implementation
The numerical model used for calculating the magnetic field
as well as to perform the topology optimization is the finite ele-
ment framework Comsol Multiphysics. Specifically, the Glob-
ally Convergent Method of Moving Asymptotes (GCMMA)
solver is used [20; 21], as this is well suited to topology op-
timization due to its ability to solve problems with a large
number of control variables. This topology implementation
is the standard implementation used in Comsol Multiphysics.
In general the computational framework used is the same as
in Bjørk et al. (2017) [13], and the same number of mesh
elements has been used in this work. In general in topology
optimization the distribution of materials throughout parts
of the geometry of the problem is considered as the design
variable.
The global objective to be optimized for, termed Θ, using
topology optimization must depend on the topology of the
system. We wish to determine the shape (topology) of the iron
segments that, when rotated 90◦ inside the Halbach cylinder,
results in the highest change in magnitude of the field in
the cylinder bore. In other words the field should ideally
change from a large value to a small value, when the iron
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Figure 1. An illustration of the geometry considered. The left geometry is the Halbach cylinder with the structure to be
topology optimized, while the right hand structure is the regular geometry used for comparison. Note the angle φ , which is the
angular extent of the iron inserts for the regular geometry. The iron inserts are rotated 90◦ to change the field from high to low
field in all cases.
segments are rotated. When the iron segments are parallel
to the magnetic field generated in the cylinder bore, the field
lines are focused in the central region, where the intensity of
the field increases. On the other hand when the iron inserts
are placed perpendicular to the field in the bore, the field lines
may bypass the central region, thus reducing the field intensity
inside it. The objective of the topology optimization, Θ, is the
difference in the average field with the iron segments rotated
0◦ and 90◦ respectively, i.e.
Θ= 〈B〉0◦ −〈B〉90◦ = 〈B〉high−〈B〉low (1)
We consider topology optimization between two materials:
high permeability iron and air. The high permeability iron has
a non-linear B−H curve as provided in the Comsol material
library. This material data is shown in Fig. 12 in the Appendix.
The saturation magnetization is around 2 T. Previous studies
on non-linear materials have shown that it is important to
account for the full B−H curve of the materials [12]. The
permanent magnet material, which is considered fixed, has a
linear B−H relation with a permeability of µr = 1.05 and a
remanence of 1.4 T. However, as long as the permeability is
close to 1 the resulting magnetic field in the bore is propor-
tional to the remanence, which means that the system can be
parameterized by the Halbach formula for the field in the bore
B= Bremln(Ro/Ri).
In the topology optimization problem a design region
must be split into regions of two different distinct magnetic
materials. In order to obtain a sharp geometrical transition
between the different material types, a penalty function of
a single topology control variable, q, is introduced that can
switch between two material types. The control variable has a
range between 0 and 1 and is a function of position. In order
to change between iron and air, the relative permeability is
changed. This is locally given as
µr =
(
1− 1+µr,iron
2
)
tanh
(
q−0.5
0.01
)
+
1+µr,iron
2
(2)
where µr,iron is the relative permeability of iron. Note that
µr,iron is a function of the norm of the magnetic field, H. Here
if q = 0 the material has the relative permeability equal to
µr,iron, while if q = 1, the relative permeability is µr = 1. A
somewhat similar approach was used in Refs. [13; 15; 18].
Specifically, only a quarter of the geometry shown in Fig.
1 is modelled. The appropriate boundary conditions (making
the field parallel or orthogonal to the boundary) are chosen
based on the orientation of the iron pieces, i.e. whether they
are in the high or low field position. The outer boundary of
the simulation, which is located far from the outer boundary
of the Halbach cylinder is magnetically insulating.
3. Field source
The permanent magnetic field source is here taken to be an
ideal Halbach cylinder, as this provides a completely homoge-
neous magnetic field in the cylinder bore. A Halbach cylinder
is used as this is a structure that is relatively easy to produce
and is already used in a large number of applications such as
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nuclear magnetic resonance (NMR) equipment [1; 22], mag-
netic refrigeration devices [23; 24] and medical applications
[25]. Using topology optimization it is also possible to op-
timize for the direction of the remanence of the permanent
magnet field source [11; 15; 14], which may lead to a higher
performing device, but typically at the cost of a greater com-
plexity. Here we have chosen to use a fixed remanence, that
can be relatively easily manufactured. The polar components
of the remanence of a Halbach cylinder are given as [26]
Brem,r = Brem cos(pφ)rˆ
Brem,φ = Brem sin(pφ)φˆ (3)
Here Brem is the remanence, and we take p = 1, so that the
field created in the cylinder bore is perfectly homogeneous as
long as the bore of the magnet is completely filled with air,
or any other non-magnetic material. For a Halbach cylinder
with p= 1 the magnitude of the field in the bore will be given
by B = Bremln(Ro/Ri), where Ro is the outer radius and Ri
is the inner radius of the cylinder [26]. This expression is
here an approximation, as the permeability of the magnets
are not 1, but the previously mentioned 1.05. However, this
is sufficiently close to 1, that the expression for the field
magnitude can be used. For a larger value of µr, equation 31
from Bjørk et al. 2010 applies [27]. We assume an infinitely
long cylinder, and that there is no self-demagnetization in
the Halbach cylinder [28; 29]. In other words, since the
behavior of the permanent magnet is modeled using a linear
B-H relation, the field generated by the Halbach cylinder is
always perfectly homogeneous, and its magnitude is given by
the expression reported above. The validity of this assumption
is discussed in Section 6 and a segmented Halbach cylinder is
considered in Section 7.
It is advantageous to consider the results in terms of the
logarithmic equation given in the above paragraph because
this means that the results to be applied to a Halbach cylinder
with an arbitrary remanence and radii. In other words, the
geometry of the iron insert will be the same for a Halbach
cylinder with a remanence of 1.0 T and a ratio of the radii of
2.5 and a Halbach cylinder with a remanence of 1.4 T and a
ratio of the radii of 1.924, because these produce the same
field in the bore. Note however that placing the inserts in the
bore will increase the field. This is discussed subsequently.
4. Results
The optimal shape of the iron segments inside the cylinder
bore is calculated as function of two parameters, namely the
inner radius of the iron segments, and the outer radius of the
Halbach cylinder, which determines the field strength, for the
given value of the remanence. The first parameter controls
the available area of iron to guide the flux lines, while the
second parameter controls the flux density generated in the
cylinder bore, i.e. the field that must be guided. The ratio of
the inner radius of the iron segment, Rseg, to the inner radius
of the Halbach cylinder, Ri, was varied from 0.2 to 0.8 in
1.2
1.4
1.6
1.8
2.0
2.2
2.4
2.6
2.8
3.0
Ro/Ri
Ir
o
n
Air
Field
area
H
al
b
ac
h
 c
yl
in
de
r (
no
t s
ho
wn
)
Segment shape, Rseg/Ri = 0.5
Mirror symmetri
M
irro
r sym
m
etri
Figure 2. The shape of a quarter of the topology optimized
segment as function of Ro/Ri for Rseg/Ri = 0.6. There is
mirror symmetry along the axes.
steps of 0.1, while the ratio of the outer and inner radius of
the Halbach cylinder, Ro/Ri, was varied from 1.2 to 3.0 in
steps of 0.2. The models are first solved on a somewhat coarse
mesh, which is then refined twice in subsequent simulations.
The typical computation time including all mesh refinements
is ∼ 24 hours on an AMD Ryzen Threadripper 1950X.
The result of the topology optimization is a map of the
optimal permeability, specified through the topology variable
q in Eq. 2. This map of the permeability must be turned into
a physical object, namely the insert, i.e. the boundaries of the
insert must be defined. We take the border of the iron and air
region as the contour curve of the topology optimized geom-
etry for which µr = 1.1. The shape of these iron segments
are shown in Fig. 2 as function of Ro/Ri for Rseg/Ri = 0.6,
while they are shown as function of Rseg/Ri for Ro/Ri = 0.2
in Fig. 3. As can be seen from the figures, the topology that
maximises the difference in average field have a somewhat
parabolic surface between the iron and the bordering air.
An illustration of the flux density in the high and low field
configurations are shown in Fig. 4 for a configuration with
Ro/Ri = 1.6 and Rseg/Ri = 0.5.
The ratio of the difference in average field for the topology
optimized geometry and the regular geometry is shown in Fig.
5. The results are shown as function of the ratio between Rseg
and Ri as well as the field in the central bore, which is given
as B= Bremln(Ro/Ri), thus here the remanence is accounted
for. We have run a complete set of topology optimization with
a remanence of 1 T and 1.4 T and verified that the results are
identical, once the results are shown as function of internal
field in the Halbach, as above. Note that for the regular ge-
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Figure 3. The shape of a quarter of the topology optimized segment as function of Rseg/Ri for Ro/Ri = 0.2. There is mirror
symmetry along the axes.
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Figure 4. The high and low field configuration for a Ro/Ri = 1.6 and Rseg/Ri = 0.5 structure with Brem = 1.4 T.
ometry, the angular extend of the segments, φ , have also been
optimized for every set of parameters. The optimal angle as
function of the ratio between Rseg and Ri and the field in the
central bore is shown in the Appendix in Fig. 13.
The topology optimized structures have a difference in
flux density between the high and low configurations that
is on average 1.29 times higher than the optimized regular
pole pieces. The maximum increase is a factor of 2.08 times
higher than the regular pole pieces. The average high field
(corresponding to a rotation of the segments of 0◦) and the
average low field (corresponding to a rotation of 90◦) are
shown in Fig. 6. Note that when the iron inserts are placed
in the bore, the field is increased significantly. This can be
seen from Fig. 6a, which shows the average magnetic field in
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Figure 5. The ratio of the difference in average high and low
field of the topology optimized geometry, < Bdiff,top >, and
the regular geometry, < Bdiff,reg >, as function of the relative
radius of the magnet and the switch.
the high field position. As can be seen, the field generated is
significantly higher that the base field of the Halbach, which
is given on the x-axis of Fig. 6a.
4.1 Parameterizations of the segment shape
The shape of the border of the topology optimized insert is
similar to a parabola. Therefore, second order polynomials
was fitted to the shape of the insert for all geometry parameters.
The inserts were normalized to extend from a radius of zero
to one, when fitting, which in non-normalized coordinates
corresponds to Rseg and Ri, respectively. We assume that the
second-order polynomial is mirror symmetric with respect to
the middle of the insert. This means that the first coefficient
of the second order polynomial is equal to minus the second
coefficient. Thus the second order polynomials fitted in polar
coordinates are
φ =−k1r2+ k1r+ k0 (4)
where φ is the angular coordinate of the insert expressed in
radians as function of the normalized radial coordinate r.
The fitted values of the polynomial coefficients with geom-
etry is shown in Fig. 7. For these parabolic shaped inserts, the
difference in flux density between the high and low field con-
figurations is on average 1.29 times higher that the optimized
regular pole pieces. This ratio is the same as for the topology
optimized structures, i.e. there is no difference between the
parabolic and the topology optimized structures.
5. Torque
Turning the inserts will require a torque, T . This has been
computed for all geometries considered. However, the com-
puted torque depends on the dimensions of the geometry and
must be dimensionalized for the results to be generally appli-
cable. Here we have dimensionalized the torque by the inner
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Figure 6. a) The average high field and b) the average low
field for the topology optimized structure as function of the
relative radius of the magnet and the switch.
radius of the Halbach cylinder. Thus when this parameter has
been decided, the torque can be computed from the shown
results by multiplying the shown value by this factor squared.
Note that the computed torque is the torque per unit meter,
as we are considering a two dimensional geometry. The nor-
malized dimensionalized torque profile as function of angle
for all geometries is shown in Fig 8a, while the maximum
dimensionalized torque for all geometries is shown in Fig. 8b.
All torque profiles are relatively similar as can be seen
in Fig. 8a, and in all cases the equilibrium positions, character-
ized by T = 0, are located at the angles θ = [0◦,90◦,180◦,270◦],
corresponding to the low-field and high-field states. The stable
equilibrium angles are the low-field states, when the reluc-
tance of the magnetic circuit is minimized by diverting the
field lines through the iron inserts. If the inserts are rotated
towards positive angles, when crossing a stable equilibrium
the torque goes from positive to negative. Vice-versa, the
high-field states correspond to unstable equilibrium angles
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Figure 8. b) the normalized dimensionalized torque profile as function of rotation angle for all geometries and b) the maximum
dimensionalized torque per meter as function of the relative radius of the magnet and the switch.
where the torque goes from negative to positive.
The negative of the torque profile reflected around any
equilibrium angle is identical to the original torque profile,
as expected from the x and y symmetries of the iron inserts.
However, the angles of maximum torque are not the same
for all cases, although always in the interval (0◦,45◦] and the
three corresponding symmetrical positions. As can be noticed,
the torque profiles are not symmetric around the points of
maximum torque. When Rseg/Ri is small and Ro/Ri is large
the torque profiles tend to be skewed in such a way that the
modulus of the slope of T (θ) is higher around the unstable
equilibrium angles than it is around the stable ones, indicating
an energy landscape with wide stability valleys around the
low-field states.
6. Coercivity
If the permanent magnet is subject to an intense demagne-
tizing field the operating point may move to the region of
the B-H curve where the linear model is no longer valid [29].
The presence of the iron inserts modifies the field distribution
in any point of space, including inside the permanent mag-
net material. Therefore, it is necessary to verify our starting
assumption that the permanent magnet behaviour can be de-
scribed by a linear constitutive relation. For this purpose we
consider at any point of the magnet the direction of the rema-
nence vector and we compute the component of the magnetic
field along this direction. The parallel component of the field
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the permanent magnet material, showing that he
demagnetizing field is safely above the values of coercivity of
widely used grades of NdFeBo magnets. The function
fvol(H) is the fraction of magnet volume where H‖ < H.
will be denoted by H‖ and is defined as
H‖ = (1/Brem)
(
HrBrem,r+HφBrem,φ
)
(5)
Non-linear demagnetization occurs when H‖ is close to or
less than the negative of the intrinsic coercivity, Hc, charac-
terizing the permanent magnet material. We analysed the
fraction fvol of permanent magnet volume where µ0H‖ is be-
low a certain threshold value H, and calculated the results for
values of µ0H spanning the interval [−2T,1T]. This gives the
volumetric distribution of operating points inside the perma-
nent magnet material for a given position of the iron inserts.
Since rotating the inserts alters the distribution, we consider
the maximum volume fraction fvol with respect to the angle
θ . Four examples are shown in Fig. 9, corresponding to
the four combinations of values with Rseg/Ri = 0.2 or 0.8,
and Ro/Ri = 1.2 or 3. The volume fraction fvol(H), here ex-
pressed in percentage, monotonically increases from 0% to
100%, as the threshold field H goes from −2T to 1T.
For standard grades of NdFeB magnets the coercivity ex-
pressed in tesla is approximately as high as the remanence,
µ0Hc ∼ Brem, and for some grades it can be even higher than
twice the remanence (UH and EH grades). The fraction of
permanent magnet volume where µ0H‖ <−Brem, denoted by
fvol(−Brem), is thus a good indicator of the occurrence of
non-linear demagnetization effects: if fvol(−Brem) remains
very small, then the behaviour of the magnetic system is well
described by the assumed linear relation. We verified that for
all cases fvol(−Brem) is below 0.4%, i.e. in the very worse
case only 0.4% of the Halbach magnet is demagnetized, if
µ0Hc = Brem. A magnetic system realized with the most
commonly used NdFeBo grades would thus produce the field
predicted by our calculations.
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7. Segmented Halbach cylinder
All results discussed until now are for the continuous Halbach
cylinder. Here we consider the more specific and more ap-
plication oriented scenario of a segmented Halbach cylinder.
We consider an eight and sixteen segmented cylinder, both in
two configurations. In the first configuration, termed A, the
segmentation is such that the first two segments are split by a
line that is parallel to the field inside the cylinder bore. In the
second configuration, termed B, the segments are rotated so
that the first segment has a direction of magnetization that is
parallel to field in the bore.
We only consider a specific geometry, which is the geom-
etry with Rseg/Ri = 0.05 and Ro/Ri = 1.6 with Brem = 1.4 T,
i.e. B= Bremln(Ro/Ri) = 0.66 T. For this geometry the topol-
ogy optimized shape of the iron inserts are computed for the
four segmented systems. For the case of configuration A with
eight segments, the difference in field, i.e. 〈B〉high−〈B〉low
is 0.64113 T while it is 0.65395 T for configuration B. For
the case of 16 segments for configuration A the difference
in field is 0.69355 T while it is 0.69705 T for configuration
B. For the continuous case the difference is 0.71199 T. Thus
the segmented geometries produce a difference in field that
is almost that of the continuous case. The shape of the iron
segment is shown in Fig. 10 for the four segmented cases con-
sidered. As can be seen, the segment shape is almost identical
to the continuous case, except for the 8 segmented system in
configuration A, where the starting point of the segment is
located closer to where the split between the two magnets are
located.
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Figure 11. The difference in average high and low field of
the topology optimized geometry and the regular pole pieces,
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The results for this studied segmented case suggests that
the results for the continuous case studied in this work can be
applied to the segmented Halbach cylinder, especially if the
Halbach cylinder has 16 or more segments.
8. Using a perfect magnetic insulator
The topology optimized system so far have contained simple
materials. We can however obtain a much larger difference
in flux density by placing a material with µr = 0 in the air
gap of the insert. Such a material can be realized using a
superconducting material, see e.g. [30]. Having zero magnetic
permeability, this material acts as a perfect magnetic insulator,
and repels the field lines forcing them to pass through the air
gap where the field intensity is thus increased. The exact shape
of the insert for this type of material have to be recomputed.
This has here only been done for the case of Rseg/Ri = 0.5.
Of course, the comparison of the topology optimized structure
now also has to be done with a system with regular pole pieces
with iron and µr = 0 structures.
The results for µr = 0 are shown in Fig. 11. As can
be seen, a magnetic structure with a much higher difference
in field can be obtained if flux-repelling µr = 0 material is
available. However, the regular pole pieces also perform
much better in this case, leading to a much smaller difference
between the topology optimized structures and the regular
pole pieces, compared to the case for µr = 1, which are also
shown in the figure.
9. Conclusion
We have investigated the design of a magnetic field source
that can switch from a high field to a low field configuration
by rotation by 90◦ of a set of iron pieces within the air gap
of a Halbach cylinder. Using topology optimization, the ideal
shape of the iron inserts was determined as function of the
geometrical parameters of the system. It was shown that
the topology optimized structures have a difference in flux
density between the high and low configurations that is on
average 1.29 times higher than optimized regular pole pieces.
The maximum increase is a factor of 2.08 times higher than
regular pole pieces.
10. Appendix
Shown in Fig. 12 is the relative permeability data as function
of magnetic field for iron that is used throughout this work.
The optimal angle as function of the ratio between Rseg
and Ri and the field in the central bore for the regular pole
pieces is shown in Fig. 13.
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Figure 12. The relative permeability, µr, and the
corresponding norm of the magnetic flux density, |B|, as
function of the norm of the magnetic field, |H|, for the iron as
used throughout this work. Outside the plotted range of |H|
the values are assumed constant with the same value as the
last data point. The data is taken from the Comsol material
library.
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Figure 13. The angular extent of the iron segments for the
regular geometry, the angle φ shown in Fig. 1, as function of
the relative radius of the magnet and the switch.
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